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Abstract
It is shown that the graph obtained by merging two vertices of two 4-cycles is not
a Θ-graceful partial cube, thus answering in the negative a question by Bresˇar and
Klavzˇar from [1], who asked whether every partial cube is Θ-graceful.
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A graph G with m edges is called graceful if there exists an injection f : V (G) →
{0, 1, . . . ,m} such that the edge labels, defined by |f(x)− f(y)| for an edge xy, are pair-
wise distinct. The famous Ringel-Kotzig conjecture says that all trees are graceful, see a
dynamic survey [4] for known classes of trees and other graphs which are graceful, and for
the state of the art of graph labelings, an area started by the seminal paper of Rosa [10].
The vertices of the d-dimensional hypercube are formed by all binary tuples of length d,
two vertices being adjacent if the corresponding tuples differ in exactly one coordinate. A
subgraph H of a graph G is called isometric if the geodetic distance dH(u, v) in H between
any two vertices u, v of H is equal to their distance dG(u, v) in G. Isometric subgraphs
of hypercubes are called partial cubes (cf. [1, 3, 5, 6, 9, 11]). The smallest dimension of a
hypercube containing an isometric embedding of G is called the isometric dimension of G.
A median graph is a graph in which every three vertices u, v and w have a unique median:
a vertex m that belongs to shortest paths between each pair of u, v and w. Every tree is a
median graph. Median graphs represent one of the most studied classes of partial cubes,
see [6].
Two edges e = xy and f = uv of G are in the Djokovic´-Winkler [3, 11] relation Θ if
d(x, u) + d(y, v) 6= d(x, v) + d(y, u).
The relation Θ is reflexive and symmetric. Winkler [11] proved that a connected bipartite
graph is a partial cube if and only if Θ is a transitive relation. Therefore, Θ is an equiv-
alence relation on a partial cube G and so partitions the edge set of G into the so-called
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Θ-classes. The number of Θ-classes of a partial cube G is equal to the isometric dimen-
sion of G. An isometric cover G1, G2 of a connected graph G consists of two isometric
subgraphs G1 and G2 of G such that G = G1 ∪ G2 and G1 ∩ G2 6= ∅. Let G˜1 and G˜2 be
isomorphic copies of G1 and G2, respectively. For any vertex u ∈ Gi, i ∈ {1, 2}, let u˜i
be the corresponding vertex in G˜i. Then the expansion of G with respect to G1, G2 is the
graph G˜ obtained from the disjoint union of G˜1 and G˜2, where for any u ∈ G1 ∩ G2 the
vertices u˜1 and u˜2 are joined by an edge. Chepoi [2] proved that a graph is a partial cube
if and only if it can be obtained from K1 by a sequence of expansions. Chepoi followed the
approach of Mulder [7, 8] who previously proved an analogous result for median graphs.
Bresˇar and Klavzˇar [1] introduced a new kind of labeling of partial cubes, called Θ-
graceful labeling. For a partial cube G, on n vertices, a bijection f : V (G)→ {0, 1, . . . , n−
1}, is called Θ-graceful labeling of G if all edges in each Θ-class of G receive the same
label, and distinct Θ-classes get distinct labels, where the labeling of the edges is defined
by |f(x) − f(y)| for every edge xy. When such a labeling exists G is called a Θ-graceful
partial cube. Trees are partial cubes, with every Θ-class of a tree consisting of a single edge.
Therefore Θ-graceful labelings coincide with graceful labelings on trees. It has been shown
that hypercubes, even cycles, Fibonacci cubes and Lexicographic subcubes are Θ-graceful.
In [1] a question has been proposed on whether every partial cube is Θ-graceful. Note that
a positive answer to the question would provide a positive solution of the Ringel-Kotzig
conjecture.
A Θ-graceful labeling f is called a consistent Θ-graceful labeling if for every two edges
xy and uv of G with xyΘuv the following holds:
d(x, u) < d(x, v) ⇒ f(x) + f(v) = f(y) + f(u) (1)
Lemma. Let G be a partial cube with a Θ-graceful labeling f . For every isometric 4-cycle
C of G, equation (1) holds for C labeled with f .
Proof. Let {v1, . . . , v4} denote the vertices of an isometric 4-cycle of G, f a Θ-graceful
labeling of G, and fi = f(vi), for 1 ≥ i ≥ 4.
Let x = |f1− f2| = |f4− f3|, y = |f2− f3| = |f4− f1|. A consistent Θ-graceful labeling
of C must satisfy the following conditions:
(A) f1 − f2 = −(f4 − f3),
(B) f2 − f3 = −(f4 − f1).
Let W (f) = (f1 − f2, f2 − f3, f3 − f4, f4 − f1, ) denote the difference vector of edges
of a 4-cycle. For example one of the possible difference vectors of a consistent Θ-graceful
labeling f might be: (+x,−y,−x,+y). Note that the sum of the values of W (f) is always
zero.
Suppose on the contrary that at least one of the conditions (A) and (B) is not satisfied.
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Case 1. Exactly one of the conditions is not satisfied, W. l. o. g. let it be condition
(A). Therefore e. g. W (f) = (+x,+y,+x,−y) for two non-zero relative integers x, y ∈ Z.
The sum of the values of W (f) is consequently equal to 2x or to −2x, a non-zero value,
which gives a contradiction.
Case 2. Both conditions are not satisfied. Therefore e. g. W (f) = (+x,+y,+x,+y).
The sum of W (f) being zero, we obtain the equality x = −y, which cannot happen in a
Θ-graceful labeling and so this is another contradiction.
Moreover, the consistency condition (1) in a Θ-graceful labeling of an isometric 4-cycle
with vertices {v1, . . . , v4} implies: f1 + f3 = f2 + f4, hence the sum of the two labels
assigned to antipodal pair of vertices is constant. Therefore the smallest and largest value
of the labeling are assigned to the antipodal pair of vertices.
Let G = (V,A) be an oriented graph with the set of vertices V and the set of arcs A.
An arc (x, y) ∈ A is considered to be directed from x to y, and y is called the head and x
is called the tail of the arc. The indegree deg+(v) of a vertex v ∈ G is the number of arcs
with head v, and the outdegree deg−(v) of v ∈ G is the number of arcs with tail v. A Θ-
graceful labeling of a partial cube G defines an orientation on G: each arc is directed from
larger vertex to lower vertex label. Hence for a partial cube G with Θ-graceful labeling,
the maximum label must be assigned to a vertex with deg+(v) = 0, while the minimum
label must be assigned to a vertex with deg−(v) = 0.
Let G8 denote the graph obtained by merging two vertices of two 4-cycles, see Figure 1.
Figure 1: Graph G8.
Theorem. G8 is not a Θ-graceful partial cube.
Proof. Let v1, . . . , v7 denote the vertices of G8 as depicted in the Figure 1. Suppose that
G8 admits a Θ-graceful labeling f . Let fi = f(vi), for i ∈ {1, . . . , 7}.
3
Note that there are four different Θ-classes: {v1v2, v3v7}, {v1v7, v2v3}, {v3v4, v5v6} and
{v3v6, v4v5}. Hence |f1−f2| = |f3−f7| = a, |f1−f7| = |f2−f3| = b, |f3−f4| = |f5−f6| = c
and |f3 − f6| = |f4 − f5| = d. Let σ1 = f1 + f3 , σ2 = f3 + f5 - the constant sum of the
pairs of labelings assigned to antipodal pairs in cycles. Note that 3 ≤ σ1, σ2 ≤ 9.
There are three distinct possibilities for choosing a vertex with the maximum label 6:
v3, one of the neighbours of v3 - w. l. o. g. let this be v2, one two non neighbours of
v3 - w. l. o. g. let this be v1. Altogether inducing seven different orientations of G8 as
depicted on Figure 2.
Figure 2: Seven separate cases: (a) f3 = 6, (b) f2 = 6, deg
+(v3) = 1, (c) f2 = 6,
deg+(v3) = 2, (d) f2 = 6, deg
+(v3) = 3, (e) f1 = 6, deg
+(v3) = 2, (f) f1 = 6, deg
+(v3) = 3,
(g) f1 = 6, deg
+(v3) = 4, and their corresponding orientations.
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Case (a) f3 = 6.
Then either f1 = 0 or f5 = 0. W. l. o. g. let f1 = 0. Hence σ
1 = 6 and we have two
subcases.
Subcase (a.1) {f2, f7} = {1, 5}.
Hence {f4, f5, f6} = {2, 3, 4} and therefore f3 + f5 ∈ {8, 9, 10}. Hence f3 + f5 > f4 + f6,
which is a contradiction.
Subcase (a.2) {f2, f7} = {2, 4}.
Hence {f4, f5, f6} = {1, 3, 5} and therefore f3 + f5 ∈ {7, 9, 11}. Hence f3 + f5 < f4 + f6 or
f3 + f5 > f4 + f6, which is a contradiction.
Case (b) f2 = 6 and deg
+(v3) = 1.
Observing the orientation of G8 as depicted in the case (b) in the Figure 2, it follows that
f3 > f4, f5, f6, f7 and moreover that f3 ∈ {4, 5}.
Subcase (b.1) f3 = 4.
Hence {f4, f5, f6, f7} = {0, 1, 2, 3}. Therefore f1 = 5 and f1 + f3 = σ1 = 9. Which further
implies f7 = 3. Hence v5 = 0 and f4, f6 ∈ {1, 2}. Hence f3 + f5 > f4 + f6, which is a
contradiction.
Subcase (b.2) f3 = 5.
Subcase (b.2.1) f5 = 0.
Since b = 1, it follows that {f1, f7} = {1, 2} or {f1, f7} = {3, 4}. Since σ2 = 5 it follows
that {f4, f6} = {2, 3} or {f4, f6} = {1, 4}, which is in contradiction with both possible
choices for f1 and f7.
Subcase (b.2.2) f7 = 0.
Hence σ1 = 6 and therefore f1 = 1. Hence f5 = 1 and {f4, f6} = {2, 3}. Hence
f3 + f5 > f4 + f6, which is a contradiction.
Case (c) f2 = 6 and deg
+(v3) = 2.
Observing the orientation of G8 as depicted in the case (c) in the Figure 2, it fol-
lows that there are only two vertices of outdegree 0, hence f7 = 0 or f6 = 0. Since
deg+(v3) = deg
+(v6) = 2 and deg
+(v5) = 1 it follows that f3, f5, f6 6= 5, hence f1 = 5 or
f4 = 5.
Subcase (c.1) f7 = 0.
Since deg−(v3) = 2 and f4 > f5 > f6 it follows that f3, f4, f5 6= 1. Together with σ1 = 6
and f3 6= 5 it follows that f6 = 1. Moreover this implies that f1 6= 5, hence f4 = 5. Hence
σ2 = 6, which is in contradiction with σ1 = 6.
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Subcase (c.2) f6 = 0.
Since f1 > f7, deg
−(v3) = 2, and deg−(v4) = 2, it follows that f1, f3, f4 6= 1. Hence f5 = 1
or f7 = 1.
Subcase (c.2.1) f5 = 1.
Hence c = 1 and therefore f1 6= 5. Hence f4 = 5. Therefore σ2 = 5, f3 = 4. It also implies
b = 2, which is in contradiction with {f1, f7} = {2, 3} and |f1 − f7| = 1.
Subcase (c.2.2) f7 = 1.
Hence σ1 = 7. It follows that σ2 6= 3, 4. Hence σ2 = 5 and therefore f4 = 5 and
{f3, f5} = {2, 3}. Therefore f1 = 4. Hence f3 = 3 and finally f5 = 2. Therefore a = c = 2
and b = d = 3, which is a contradiction.
Case (d) f2 = 6 and deg
+(v3) = 3.
Observing the orientation of G8 as depicted in the case (d) in the Figure 2, it follows that
v7 is the only vertex of outdegree 0, hence f7 = 0 and σ1 = 6. Since f5 > f4 > f3 > v7, and
f6 > f3 > v7 it follows that {f1, f3} = {1, 5}. Since deg+(v3) = 3 it follows that f3 6= 5.
Hence f1 = 5, f3 = 1, a = 1 and b = 4. Hence σ2 = 5, f5 = 4 and {f4, f6} = {2, 3}.
Therefore {c, d} = {1, 2}, which is in contradiction with a = 1.
Case (e) f1 = 6 and deg
+(v3) = 2.
Observing the orientation of G8 as depicted in the case (e) in the Figure 2, it follows that
f3 = 3, f5 = 0 and {f2, f7} = {4, 5} and {f4, f6} = {1, 2}. Moreover {a, b} = {1, 2} and
{c, d} = {1, 2}, which is a contradiction.
Case (f) f1 = 6 and deg
+(v3) = 3.
Observing the orientation of G8 as depicted in the case (f) in the Figure 2, it follows that
v4 is the only vertex of outdegree 0, hence f4 = 0. Moreover f2, f6, f7 6= 1.
Subcase (f.1) f3 = 1.
Hence σ1 = 7 and c = 1. Hence f2, f7 6= 5 and therefore f6 = 5 and σ2 = 5. Hence f5 = 4
and d = 4. Therefore {f2, f7} = {2, 3}. Hence {a, b} = {3, 4}, which is in contradiction
with d = 4.
Subcase (f.2) f5 = 1.
Hence d = 1. Since f2, f7 > f3 > f4 and f6 > f3, f5 it follows that f3 = 2. Therefore
σ1 = 8, hence {f2, f7} = {3, 5}. Moreover σ2 = 3 and therefore f6 = 3, which is in
contradiction with {f2, f7} = {3, 5}.
Case (g) f1 = 6 and deg
+(v3) = 4.
Observing the orientation of G8 as depicted in the case (g) in the Figure 2, it follows that
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there is no vertex of outdegree 0, hence no vertex can be labeled with 0, a contradiction.
Alternatively, one can check the claim from the previous theorem by computer with a
short Python code (cf Fig 3).
from i t e r t o o l s import permutat ions
for f1 , f2 , f3 , f4 , f5 , f6 , f 7 in permutat ions ( range ( 7 ) ) :
i f (abs ( f1−f 7 ) == abs ( f2−f 3 ) and abs ( f1−f 2 ) == abs ( f7−f 3 ) and
abs ( f3−f 6 ) == abs ( f5−f 4 ) and abs ( f6−f 5 ) == abs ( f3−f 4 ) and
len ({abs ( f1−f 7 ) , abs ( f1−f 2 ) , abs ( f3−f 4 ) , abs ( f4−f 5 ) ] } ) == 4 ) :
print ( ”One s o l u t i o n found” )
Figure 3: Exploring all labelings of G8
Let S(G) denote the graph obtained from a graph G by subdividing once each of its
edges. In [5] it has been shown that S(Kn) is a partial cube, where Kn denotes the
complete graph on n vertices (see Fig. 4). Let Q−3 denote graph obtained by deleting a
vertex in 3-dimensional hypercube. Let C(Q−3 ) denote graph obtained by expanding the
four vertices inducing a claw in Q−3 (see Fig. 4).
Figure 4: Partial cubes S(K4) and C(Q
−
3 ).
With the help of a computer we have checked that G8, S(K4) and C(Q
−
3 ) are the only
partial cubes of isometric dimension 4 that are not Θ-graceful. As it is easy to check (by
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hand) that all partial cubes of isometric dimension at most 3 are Θ-graceful, hence G8 is
also the smallest example of a partial cube that is not Θ-graceful.
As G8 is a median graph the answer to the original question is negative also if reduced
to the class of median graphs. It would be interesting to characterize which partial cubes
are Θ-graceful.
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